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1. Suppose that a portion of a sphere of radius R contained within θ < θ0, described as
a north polar cap, is maintained at a potential +V0 and that the corresponding south
polar cap with θ > π − θ0 is held at potential −V0 while the remainder of the sphere is
grounded.

a. Develop an expansion for the electrostatic potential within the sphere. The co-
efficients may involve Legendre polynomials with fixed argument. Which terms
contribute?

b. Write the corresponding expansion for r > R. Describe the asymptotic behavior
of the potential for r � R and find an explicit expression for the effective dipole
moment.

2. Sound waves in a confined volume satisfy a wave equation of the form
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where c is the sound velocity and ∂ψ/∂n := n̂·∇ψ is the normal derivative at a boundary
surface. The normal modes take the form

ψi(r, t) = ψi(r) e−iωit,

where the eigenfrequencies ωi may be degenerate, requiring additional indices to distin-
guish between the degenerate modes.

a. Evaluate the normal modes and eigenfrequencies in a rectangular box with di-
mensions a× b× c.

b. Evaluate the normal modes and eigenfrequencies for a sphere of radius R.
c. Evaluate the normal modes and eigenfrequencies for a cylinder of radius R and

length L.



3. Suppose that the neutron density ψ in a fissionable material satisfies an inhomogeneous
diffusion equation of the form

1
κ

∂ψ

∂t
= ∇2ψ + λψ,

where κ is the diffusion constant and λ depends upon the fission probability per neutron.
For simplicity assume that ψ = 0 on the surface of the material (neutrons escape rapidly
at the surface or are absorbed by the surrounding medium).

a. Suppose that the material forms a sphere of radius R. Determine the critical ra-
dius Rc, beyond which the neutron density is unstable (exponentially increasing)
and produces an explosion.

b. Determine the critical radius R1 for a hemisphere of the same material. If two
hemispheres that are barely stable are brought together as a sphere, the final
configuration will be unstable. Express the explosive time constant τ , such that
ψ ∼ et/τ , in terms of κ and λ.

4. In the flat-earth approximation, the temperature ψ at depth z can be described by a
one-dimensional diffusion equation of the form
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where κ is the thermal diffusion constant. Suppose that the external temperature can
be approximated by a sinusoidal variation of the form

ψ(0, t) = ψ0 + ψ1 sinωt,

where ω = 2π/T for period T .

a. Solve for ψ(z, t) and determine the penetration depth d and the phase delay for
propagation of thermal waves into the ground.

b. The penetration depth for annual variations is approximately 3 m. Determine
the phase delay for annual variations. Also determine the corresponding pene-
tration depth and phase delay for daily variations. Discuss the separability of
these periods.

c. Obtain ψ(z, t) for combined annual and diurnal variations.


